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Abstract. We investigate radiative corrections to the inflaton potential from heavy fields
undergoing a fast-roll phase transition. We find that a logarithmic one-loop correction to
the inflaton potential involving this field can induce a temporary running of the spectral
index. The induced running can be a short burst of strong running, which may be related
to the observed anomalies on large scales in the cosmic microwave spectrum, or extend over
many e-folds, sustaining an effectively constant running to be searched for in the future.
We implement this in a general class of models, where effects are mediated through a heavy
messenger field sitting in its minimum. Interestingly, within the present framework it is a
generic outcome that a large running implies a small field model with a vanishing tensor-to-
scalar ratio, circumventing the normal expectation that small field models typically lead to
an unobservably small running of the spectral index. An observable level of tensor modes can
also be accommodated, but, surprisingly, this requires running to be induced by a curvaton.
If upcoming observations are consistent with a small tensor-to-scalar ratio as predicted by
small field models of inflation, then the present study serves as an explicit example contrary
to the general expectation that the running will be unobservable.
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1 Introduction
Over the past few decades, cosmic inflation [1–7] has emerged as the dominant explanation for
the dynamics of the early universe, bearing many successful predictions. But while inflation is
considered to be a successful paradigm, one major challenge is to identify the right underlying
model of inflation in the large landscape of viable models. In a situation where even a simple
model of inflation can easily fit the observational data, there are good reasons to let oneself
be guided by Occam’s razor and focus on the minimal single field models. On the other
hand, observers are working hard to reduce the parameter space of inflationary models with
measurements of the Cosmic Microwave Background (CMB) and Large Scale Structure to an
increasing degree of precision [8–13]. The precision is gradually reaching a level where some of
the simplest single field models of inflation are getting in tension with observations [8]. This
could be a hint that inflation is not a minimal single field model, and we are forced by data
to allow for a minimal amount of new physics in addition to the inflaton.1 In addition there
are a few other small hints of signatures beyond the standard single field slow roll paradigm
that, if verified, would point more directly to new physics at play in the early universe. One
of these is the lack of power on large scales, which could indicate a large temporary running
of the spectrum of density perturbations on large scales.
It is well known that new light degrees of freedom during inflation can significantly
alter the standard picture. One of the most popular examples is the curvaton [14–16].2 The
1Alternatively one might also give up the simple ansatz that the inflationary potential takes a monomial
or polynomial form as in the original Starobinsky model [7].
2For some earlier related work, see also [17, 18].
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curvaton is a light field, which is completely passive during inflation, only to become im-
portant and steal the show after inflation by imprinting its fluctuation in the sky, leading
to the observed curvature perturbations. At present data cannot discriminate between the
curvaton model and f.ex. the Starobinsky model [7], but in the future a more precise mea-
surement of non-Gaussianity could distinguish between the two models. A measurement of
fNL ∼ O(1) would rule out the Starobinsky model, while agreeing with the predictions of the
curvaton model [19].
Another logical (although less studied) possibility is to similarly consider the effect of
heavy fields during inflation. It is natural to ask how heavy fields present during inflation
could imprint themselves in cosmological observables [20–28]. Below we will try to answer
this question by discussing in detail the possibility that radiative corrections to the inflaton
potential from heavy fast-rolling fields can lead to an observable running of the spectral
index. A constant running of the spectral index is an interesting observable, which can be
measured to very high accuracy in the future [29], while a short temporary burst of strong
running could be related to the large scale anomalies in the CMB.
One important point in the discussion of running is to discriminate between small field
models (∆φ <∼ Mp) and large field models (∆φ & Mp). While large field models with an
observable level of running exist, running is generically negligible in small field models, since
there is little field variation to facilitate scale dependence of parameters. Therefore, if no
primordial tensors modes are discovered and we are guided by data towards small field models,
a non-vanishing running of the spectral index is a strong indication of non-trivial new physics
in the inflationary sector. It also makes us ask the more precise question: what kind of new
physics could lead to an observable running in a small field model?
In section 2, we first take a step back, and discuss how a running spectral index can be
thought of in a general way in terms of running by proxy. A non-trivial result is that running
by proxy requires a small field model of inflation. Thus “running by proxy” appears as a
natural way to think of running in small field models. In a small field model the potential
can generically be expanded as a Taylor series around the initial field value. Thus, a generic
potential with proxy running will be of the form
V (φ) = V0 −M3φ−
(
m2 + ∆m2N
)
φ2/2 + . . . (1.1)
where we have included the term ∆m2N (normalized such that N = 0 at the pivot scale) with
an explicit time dependence in the potential, which in general is thought to be coming from
the time dependent vacuum expectation value (VEV) of another field, which we refer to as
the proxy field. That the proxy term produces negative running corresponds to a decreasing
mass (wilting potential) mimicking the same choice of sign of the third derivative of the
potential that is usually required for negative running. In comparison with the generic small
field model expanded to second order in the inflaton, there is only one new parameter, ∆m2,
which is the minimum required for the description of running, and completely determines
its amplitude. If the running is short and related to the large scale anomalies in the CMB,
a second new parameter, which determines the end of the running, also needs to be added.
The ratio of the running to the tilt at the pivot scale is
αs
ns − 1 ∼
∆m2
m2
. (1.2)
The current central value for this observable is ∼ 1/10, but consistent with 0 to within 1σ [30].
As we shall see, another surprising conclusion is that the only way to have running by proxy
and an observable level of primordial tensor modes (or a large field model), it is if the proxy
running is in the curvaton sector and the spectral running is induced by a curvaton.
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In section 3, we discuss how running by proxy is realized in a detailed microphysical
scenario as radiative corrections to the inflaton potential from heavy fields of the Coleman-
Weinberg form. We provide a simple scenario in which the parameters of the inflationary
potential effectively depend on scale explicitly, inherited from the time dependence of heavy
fields that are otherwise very weakly coupled to the inflaton. Our mechanism requires the
presence of at least two additional fields, one in a fast roll phase and another mediator field
that is needed to maintain distance from the inflaton sector. While the fast roll field does
not couple to the inflaton in the tree level potential, one loop effects induce a logarithmic
coupling, leading to a spectral tilt that varies exactly linearly in the number of e-folds. It
suffices to consider potentials of the form
V (φ, χ, ρ) = V (φ)− µ
2
2
χ2 + f(φ)ρ+ g(χ)ρ2 (1.3)
where f and g can be chosen to be simple renormalizable functions, to arrive at the desired
form of the one loop potential without spoiling an otherwise single field slow roll dynamics.
Though models of this form yield a positive running, which is disfavored by data, we explicitly
write two generalizations that naturally lead to negative running, namely that the messenger
fields are fermions, and by using Ratra-Peebles type potentials. The most stringent restriction
of the realization we consider is that we require the inflaton to be small field, in that its field
variation is sub-planckian.
The structure of the paper is therefore as follows. In section 2 we discuss general aspect
of proxy running. In particular we show why it implies a small field model with a linear
term unless the proxy running is in a curvaton sector. In section 3, we show how proxy
running can be realized at the one-loop level by having a heavy field undergoing a fast roll
phase transition. We also discuss generalizations including a curvaton and the stability of the
model to perturbations and higher order loop corrections. Finally in section 4 we conclude
with a discussion of further generalizations, additional observables and future prospects of
proxy running in a wilting Coleman-Weinberg type potential.
Throughout this paper, we work in natural units with ~ = c = 1, and the reduced
Planck mass M2p ≡ 1/8piG is set to unity unless explicitly written.
2 Running in single field models
Despite the rapid progress in measuring the CMB perturbations on smaller and smaller scales,
the current observational bounds on the running of the spectral index are still relatively
weak. In single field inflation the natural size of the running is αs ∼ r(ns − 1)/2, and
therefore current constraints αs = −0.0031 ± 0.0074 [30] are only on the border of probing
typical large field models. It is therefore one of the important goals for future experiments
to improve the constraints on the running of the spectral index with at least an order of
magnitude or two. In this experimental situation, we find it important to understand what
an anomalous constant running (jogging) could teach us about new physics, particularly in
small field models of inflation, having small tensor-to-scalar ratio.
In addition we would like to emphasise that the running does not need to be constant
over all the observational scales. In fact, a shorter running is more natural in many models. A
short burst of fast running on the largest scales (sprinting), could lead to a power suppression
on large scales in the perturbation spectrum, and might therefore be related to the large scale
anomalies in the CMB.
Below we will first focus our discussion on jogging, and then comment on the sprinting
scenario in the conclusions.
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Figure 1. The power spectrum of inflationary perturbations, plotted as a function of number of
e-folds (to scale). The figure on the left shows the effects of adding a constant spectral tilt (orange)
and negative running (green) to an otherwise flat spectrum (blue) within the observational window.
The figure on the right indicates the severe implications for much larger and much smaller scales. The
dashed lines represent values of P (k) for which the slow roll condition breaks down, for representative
values of the Hubble parameter during inflation (H = 10−5 top, H = 10−6 bottom).
2.1 The challenges of jogging
The primary observable from inflation is the power spectrum of density fluctuations as a
function of the wavenumber k. Because the early universe expansion is very nearly described
by a de-Sitter phase, the power spectrum should be approximately scale invariant. The
vacuum energy does slowly decay, however, and so a fairly generic prediction of inflationary
models is that there be more power on large scales compared to small scales. The CMB
measures roughly eight e-folds of inflation, so since the inflationary parameters only depend
on time very weakly, it is usually adequate to model the data by just considering the first
two coefficients of the Taylor expansion in the number of e-folds. However, we can allow for
a general expansion
logP (k) = logP0 + (ns − 1)N + 1
2
αsN
2 + . . . (2.1)
where the power spectrum is defined at some arbitrary pivot scale, usually taken to be
k = 0.05 Mpc−1, and N = log(a) = log(k/H) is the number of e-folds since the normalization
scale left the horizon, taken here to be increasing in time. This is represented in figure 1.
There it can be seen that the zeroth order approximation leads to the same amount of
power on all scales. Observations indicate that ns − 1 < 0 at high statistical significance,
leading to more power on large scales and less on small scales. Extrapolating this trend back
to large negative N , a regime where the power spectrum P (k) ∼ 1 is inevitably reached. In
this regime quantum fluctuations are as important as classical evolution, and most of the
universe inflates forever in a period of eternal inflation [31–34]. Extrapolating forward to
small scales, the threshold P (k) ∼ H2 is inevitably reached, corresponding to a breakdown
of slow roll, signalling the latest possible time inflation must come to an end.
The next order correction to this is to consider the quadratic terms, which either sup-
press or enhance power on both large and small scales over the linear case. A negative
running, as indicated by previous data sets [8, 10, 35], and the corresponding lack of power
on large scales have inspired some recent claims that having a negative running is incom-
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patible with eternal inflation [36], but this relies on extrapolating the quadratic truncation
to arbitrarily large scales, which is not expected to be appropriate. Negative running also
implies that inflation must end much sooner than the linear estimate, with the difference
becoming more drastic the lower the scale of inflation is. In fact, [37] places a bound on
the value of a large negative (constant) running by pointing out that the number of e-folds
of inflation decreases to as little as 30 with the observed value. Given this, it is fair to say
that the presence of a negative running has drastic implications on the dynamics of infla-
tion, and cannot survive for any significant duration. Conversely, positive running serves
to prolong inflation, in drastic cases eternally, and increases power on both small and large
scales. Bounds were placed on the allowed value of positive running in [38] by constraints on
primordial black holes.
For generic single field slow roll models, the values for ns and αs are determined by
parameters in the inflaton potential.
ns − 1 = −6+ 2η, αs = 16η − 242 − 2ξ (2.2)
where  = V ′2/2V 2, η = V ′′/V , and ξ = V ′′′V ′/V 2. Since the observed value of ns −
1 = −0.04 ± 0.007 [8] and bounds on the strength of gravity waves place r = 16 < 0.1,
we expect that , η <∼ 0.01, and their predicted contributions to the running would be far
below near-future experimental detectability. In this setup detectable running can only come
from the ξ term, which involves a large third derivative of the inflaton potential. This is a
possible scenario; indeed, by the reconstruction theorem [39], given any measured value of
the inflationary parameters, it is possible to write down a potential that perfectly fits the
data, however contrived it might seem. The issue with this is that it is impossible to retain
large running for a large amount of the inflationary potential, while maintaining slow roll.
This can be seen if we consider
ξ ∼ O(1), η (2.3)
which translates into
V ′′′ ∼ O(1)V ′, V ′′′V ′ ∼ O(1)V V ′′ . (2.4)
If we want these relations to be generic along the inflationary trajectory, we can treat theO(1)
coefficients as constant, or at the most very slowly varying functions. In this case, the type
of potentials that satisfy these relations are exponentials (or sinusoidal) with V ∼ V0 eO(1)φ,
which yield slow roll parameters of order unity, and do not lead to inflation. For large
running to be present at CMB scales without destroying slow roll elsewhere, there must be
a coincidence of the inflationary model. It may be interesting to point out which type of
potentials will lead to negative running. In particular, we see that if the quantity V ′′′V ′ is
positive, then the running will be negative, and vice-versa, as shown in figure 2.
The measured (constrained) values of ns and r also give a subdominant contribution to
the running of the form
αs =
1
2
r
(
ns − 1 + 3
16
r
)
+ . . . (2.5)
which for all models with r < 0.02 will be negative, but negligible, even for future planned
experiments [29, 40]. Since both this and the parameter ξ are proportional to the tensor-
to-scalar ratio, we generically predict that running will be utterly negligible for small field
models. This can be understood as a consequence of the small field variation in these models,
which translates into the near constancy of observable parameters.
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Figure 2. Different schematic potentials. The blue curve has no third derivative, which will give
negligible running. The green curve flattens out for late times, and so will give positive running. The
orange curve steepens, and will lead to negative running.
There are a number of models in the literature that achieve large running: instep
inflation [41, 42] uses non-polynomial and non-renormalizable potentials to provide a large
third derivative term that can drive running. Generic polynomials [43] can allow for a brief
period of running, but requires a fine tuning of the parameters in the potential and can
only last for a few e-folds. Modulated potentials in axionic models [44] give dynamics where
both the tilt and the running oscillate about zero. If the modulations vary slowly over the
observable window it can even look constant, and cure a slight deficit in the matter power
spectrum [45]. Note that this is necessarily a large field model, which makes its predictions
for the tensor-to-scalar ratio very distinguishable from the minimal one we consider in this
paper. A falsely fat curvaton [46] can provide running, with a tuning of the parameters in
the model, though as it is currently formulated the running is necessarily positive.
A rather simple option was explored in [47], where the parameters of the inflaton po-
tential effectively become functions of the number of e-folds during inflation. If we are after
a running, but not a running of the running, then we should expect the dependence to be
primarily linear. As stated in [47], this can be achieved if there are additional heavy fields
in a phase of fast roll, where the field has a negative mass mildly larger than the Hubble
rate. We detail this scenario, which can ultimately be achieved using only renormalizable
couplings, below.
2.2 Proxy running
In what follows we consider inflation with a general potential V (φ,N), which explicitly
depends on the field φ as well as the number of e-folds N . We denote derivatives with
respect to φ as primes, and partial derivatives with respect to N as subscripts. With this
notation, the expression for the spectral tilt is
ns − 1 = −6+ 2η + 3VN
V
− 2V
′
N
V ′
− 2Γ0V
′′
N
V
. (2.6)
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The first four terms result from the changes in the amplitude of fluctuations, P (k) ∝ V 3/V ′2,
while the last term comes from a change in the normalization, as pointed out for the case of
constant parameters in [48]. The constant Γ0 = 2− log(2)− γE ≈ 0.73. The running is
αs = 16η − 242 − 2ξ + 4V
′′
N
V
+ (18− 2η)VN
V
− (18+ 2η)V
′
N
V ′
− 3V
2
N
V 2
+ 2
V ′N
2
V ′2
+ 3
VNN
V
− 2V
′
NN
V ′
− 2Γ0
(
V ′′NN
V
− VNV
′′
N
V 2
)
+ (2 + 12Γ0)
V ′′N
V
+
4
3
η
V ′′N
V
. (2.7)
A number of general conclusions can be made from these two expressions. First, because
the explicit e-fold dependence gives a contribution to the tilt as well as the running, we
demand that VN/V, V
′
N/V
′ <∼ O(1/100), the same order as the slow roll parameters. These
terms may in fact dominate the expression for ns, giving a tilt to otherwise completely flat
models, but these additional terms should not be much larger than that. Then, virtually
every term in the running is second order in slow roll. Exceptions include the first two terms
on the last line, which we take to be zero to avoid running of the running,3 and the fourth
term. Thus we have αs ∼ 4V ′′N/V .
We note that in order for the contribution of the proxy e-fold dependence to ns to not
greatly exceed the contribution to αs, we require VN/V <∼ V ′′N/V . For simple polynomial
potentials we have V ′′N ∼ VN/φ2, and we immediately see that the contribution to the tilt
will be much larger than the running in large field models, where φ > 1. From this we
conclude that the running by proxy scenario is better suited for small field inflation. Of
course, our conclusion may be circumvented by considering non-polynomial potentials, but
this is exactly the situation we are trying to avoid by invoking explicit time dependence in
a renormalizable potential. One scenario that naturally circumvents this conclusion is the
curvaton, which will be discussed in section 3.7.
A final remark severely constrains the setting in which this mechanism can occur: we
first rewrite the dominant expression for the running as αs = 4V
′′
N/V
′′η, where we now
want V ′′N/V
′′ ∼ O(1) in order for the running to be large. Again, for polynomial potentials,
though, we generically have V ′′N/V
′′ ∼ V ′N/V ′, which we constrained to be of order the slow
roll parameters by demanding a nearly flat spectrum. It appears as though this precludes
our mechanism from being operational. There is an important caveat, however, for which
this estimate is incorrect: if inflation is driven by a linear term, then its second derivative is
zero to leading order, and the contribution to the running can be hierarchically larger than
the tilt. This is actually a very generic situation, as in small field models the potential should
usually be thought of as an effective Taylor expansion around some point. The leading order
term will be a constant energy density, but the next to leading term is linear. The details of
this model will be borne out below.
One potential concern is that if we expect a model to have large running, then the
running of the running would also be large. We will see that contrary to these general
expections, the Coleman-Weinberg setting has the definite prediction that the running be
large, with quadratic dependence on N suppressed.
2.3 Inflating on a wilting potential
We consider a generic small field inflation potential with explicit dependence on the number
of e-folds, to demonstrate the ease with which we get large running. Realizations of this
3And in fact is predicted by the models we consider in this paper.
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Figure 3. The effective potential at several different times. As the number of e-folds increases, the
potential becomes more and more negatively curved, resembling a wilting leaf or flower.
model from loop effects is the subject of section 3. Because we are considering small field
models, the potential can generically be expanded as a Taylor series around the initial field
value. Thus, a generic potential will be of the form
V (φ) = V0 −M3φ−
(
m2 + ∆m2N
)
φ2/2 + . . . (2.8)
where we take the higher order terms to be small, both on the grounds that our Taylor
expansion framework is valid, and from the observational fact that inflaton self interactions
are small. The sign of the linear term is a convention, but we have included a suggestive minus
sign for the quadratic terms, which reproduces a negative running (and spectral index). As
of now this is a mere notational trick, and we may just as well think of m2 as being a priori
either positive or negative, to be set by observations, and hopefully arrived at naturally in
a more complete framework. That this choice of sign produces negative running is clear: it
corresponds to a decreasing mass, which mimics the same choice of sign of the third derivative
of the potential that is usually required for negative running, and resembles a wilting flower,
as shown in figure 3. This will lead to the slow roll parameters becoming increasingly large
on small scales, which will tend to end inflation early. (If running were truly constant, this
makes the observed value hard to reconcile with having more than 30 e-folds of inflation [37].
This worry is automatically avoided if the time dependence comes from integrating out a
field in the fast roll phase, since the field can simply stop fast rolling at some point within
a currently unobservable regime. One prediction of this model is that once one could probe
down to these scales, an abrupt halt of the running would be observed.) This model can easily
be made to fit all observations, if the following conditions are met: V0 M3φ m2φ2. Then
the dominant contributions to the slow roll parameters are
 =
M6
2V 20
, η = −m
2 + ∆m2N
V0
,
VN
V
= −∆m
2φ2
2V0
,
V ′N
V ′
=
∆m2φ
M3
,
V ′′N
V
= −∆m
2
V0
. (2.9)
The power spectrum is given approximately by
P (k) ' 1
12pi2
V 30
M6
(2.10)
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which when normalized to the observed value of 2.2× 10−9 gives the condition
V
1/2
0
M
≈ 0.08 . (2.11)
The value of the spectral tilt will be
ns − 1 = 3M
6
V 20
− 2m
2 + ∆m2N
V0
− 3
2
∆m2φ2
V0
− 2∆m
2φ
M3
+ 2 Γ0
∆m2
V0
≈ −2m
2 + ∆m2N
V0
+ 2 Γ0
∆m2
V0
. (2.12)
The value for the running is
αs = −4∆m
2
V0
. (2.13)
This is of comparable size to the tilt if the tilt’s dominant component comes from the proxy
term, i.e. if the mass parameter in the potential vanishes. The ratio of the running to the tilt is
αs
ns − 1 =
2∆m2
m2 − Γ0∆m2 . (2.14)
The current central value for this observable is ∼ 1/10, but is consistent with 0 at the 1σ level.
Now we consider the latest possible time inflation can end is when the potential becomes
negative. If the reheating temperature is much lower than the scale of inflation, we can neglect
it and state that the end of inflation occurs when V (φ) = 0, otherwise we can allow for a non-
negligible (perturbative) reheating temperature and demand V (φ) = σT 4rh, where σ =
pi2
30 g∗
with g∗ ' 200 being the effective number of degrees of freedom. Inflation will then end at
φ∗ =
M3
m2
(√
1 +
2m2
M6
(
V0 − σT 4rh
)− 1) . (2.15)
An approximate solution for the value of the inflaton, assuming the slow roll conditions, is
φ(N) =
M3
m2
(
e|η|N − 1
)
. (2.16)
For N  |η|−1 this reduces to φ(N) ≈ M3N/V0, so that the inflaton spends O(50) e-folds
in the linear regime before transferring to exponential behavior. One difference from the
standard case is that the value of η keeps growing in this scenario until the end of fast roll.
In general we do not expect fast roll to continue for much longer than the scales probed by
the CMB, so the final value of η will be roughly the same as its value at the pivot scale,
∼ 1/50. As the field is still in the linear regime at the point where η stops evolving, to
estimate the total number of e-folds it suffices to take the final value of this parameter, and
the value of  from eq. (2.9). The total number of e-folds is
N∗ =
1
2|η| log
[
1 +
|η|

(
1− σT
4
rh
V0
)]
. (2.17)
The only requirement is that this must be larger than the minimal number of e-folds
required to solve the horizon problem, given by
Nmin ' 67 + 1
4
log
(
ρend
M4p
)
. (2.18)
In the scenario we consider, the total number of e-folds is generically larger than Nmin, but
the value depends on the details of reheating.
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2.4 Realizing proxy running
When it comes to actually realizing a linear dependence on N as the expectation value of
some other field, there are several possible scenarios. The simplest option would seem to
have it be related to the VEV of some heavy field that depends linearly on time. There
are essentially two options for accomplishing this: the field could get its time dependence
from the fields originally present in the theory, or it could be time dependent of its own
accord. If the dependence comes from the inflaton, we are in the situation where the heavy
field is in the minimum of its potential, but with a VEV that depends on φ, say V (σ) =
M2(σ − f(φ))2 + ασφ2. The linear coupling to the inflaton is supposed to be subdominant,
but necessary to communicate the running to the inflationary sector. In this case, if σ
actually functions as a heavy field, then it can be integrated out and completely rewritten
as an effective potential for the inflaton.4 Here we are right back where we started, at
the point where we write down a particular desired potential from the infinite space of
possibilities, albeit with a bit more assurance that we can arrive at our choice from reasonable
microphysics. The usual arguments that the running cannot last apply, and we conclude that
this method is unlikely to yield the behavior we want. The same considerations apply when
the field VEV depends on the curvature R as well, as the time dependence of R only comes
about through the time dependence of φ.
The other option is for the heavy field to naturally depend on time itself. The problem
is that heavy fields quickly move to their minimum, where they just contribute to the vacuum
energy. A setup with sustained time dependence is for the additional field to be in a period
of fast roll, where the potential is concave down with a mass larger than the Hubble rate.
In this case, the field depends exponentially on time, and must couple logarithmically to the
inflaton. If the logarithm comes from a Coleman-Weinberg type one loop effective potential
this naturally induces a linear dependence on N , with higher order corrections suppressed
by additional loop factors.
2.5 Review of fast roll
As in [47, 50], we consider a fast roll potential for a heavy field χ, given by
V (χ) = V0 − 1
2
µ2χ2, (2.19)
where µ > H. This potential leads to exponential time dependence of a homogeneous back-
ground field due to the tachyonic instability caused by the negative mass squared term:
χ(t) = χ0 e
FHt (2.20)
where
F
(
µ2
H2
)
=
√
9
4
+
µ2
H2
− 3
2
. (2.21)
In the limit µ  H, one gets F
(
µ2
H2
)
≈ µH and χ(t) ≈ χ0eµt. As discussed in [50, 51], a
reasonable expectation for the initial value of the field would be the mass parameter χ0 ∼ µ,
possibly multiplied by an O(1) number. This initial value will not be important for our pur-
poses, both because we do not expect to observe the exact beginning of fast roll, and because
the initial value will only contribute a logarithmically small shift to the mass of the inflaton.
4Assuming the heavy field stays in its minimum; otherwise the state could be modified [49].
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Let us admit a generic fine tuning of this type of potential: as a negative quadratic
potential is unbounded from below, it is unsuitable for a fundamental theory, and must at
some point be regulated by higher powers of the field, which we take here to be quartic: λχ4.
Fast roll will cease when the field reaches the minimum of its potential χ ∼ µ/λ1/2. For fast
roll to last a significant number of e-folds we need
λ e2FNTOT (2.22)
where for constant running we want NTOT to be at least as large as the observable window,
which corresponds to λ < (1/2500)2F ∼ 10−7F , and if the fast roll period extends beyond that
the tuning only gets worse. This looks like a big fine tuning in the fast roll sector, especially
if µ H, so we prefer to keep them the same order of magnitude. We note that in standard
inflationary scenarios the quartic coupling must be taken to be extremely tiny anyway, say
λ ∼ 10−12, in order to satisfy constraints from data [52, 53], so the tuning in this model is
not necessarily much worse than standard. Finally, we should note that an extremely tiny
coupling is not spoiled by quantum gravity effects, as these will give contributions of the
form ∆λ ∼ (H/Mp)2, which will be tiny for low scale inflation.
3 Proxy running from loop effects
In this section we explore obtaining running in the inflaton sector through the presence of a
fast rolling field in a hidden sector. Since the fast roll field has exponential time dependence,
a linear running can only be obtained if the effective potential contains a logarithm of the
fast roll field. Thankfully, this is a generic expectation of Coleman-Weinberg type effective
potentials [54], and so we are driven to consider their use to see how this expectation may
be realized. There are several subtleties that arise in the actual implementation of this plan,
so we summarize the main results here before embarking on the full calculation.
We first note that the inflaton cannot couple to the fast roll field directly for two
reasons: as mentioned above, such a coupling would induce an exponentially quick running
of the spectrum, ruining slow roll in just a few e-folds. Secondly, as we will show in detail
below, the negative mass for the fast roll field prevents us from interpreting its loop effects
as coming from an effective potential, essentially because the resulting effective action would
be non-unitary. Both of these considerations combined lead us to introduce a third field ρ
that acts as a messenger field between the inflaton and fast roll sectors. We refer to ρ as
the marathon, because it provides the setting for a large amount of running to take place.
Generic couplings to this field will still not provide us with a 1-loop potential appropriate for
running to occur, but if we take the special form
V (φ, χ, ρ) = V (φ)− µ
2
2
χ2 + f(φ)ρ+ g(χ)ρ2 (3.1)
where φ couples linearly to the marathon and χ couples quadratically, we do end up in a
situation with running. The logic behind this choice can be seen if we consider the inflaton-
marathon sector only, and take the VEV of the marathon to vanish.
The Hessian is then
Vij =
(
V ′′(φ) f ′(φ)
f ′(φ) 2g(χ)
)
so that the effect of the linear marathon term is to induce an off-diagonal mixing term that
introduces a φ dependence into an otherwise completely sequestered scenario. We will show
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that the 1-loop Coleman-Weinberg potential is of the form
V1-loop =
1
64pi2
∑
i
(m2i − 2H2)2
(
log
(
m2i − 2H2
)− 3
2
)
(3.2)
where the m2i are the eigenvalues of the Hessian. In the limit where the off-diagonal terms
are very small, the dominant eigenvalue becomes m2 = 2g + f ′2/2g, leading to an effective
potential of the form
V1-loop =
1
32pi2
f ′(φ)2 log g(χ) + . . . (3.3)
and we are free to choose simple functions to reproduce the desired behavior.
Fleshing this argument out, along with embedding this mechanism into the more com-
plete Hessian, is the subject of this section. We begin with some general subtleties of multi-
field Coleman-Weinberg potentials in section 3.1, and outline the general behavior of pertur-
bation terms needed to get running. In section 3.2 we discuss the necessary complications
that take place when one of the fields is a tachyon, the correct way to interpret the field
dynamics, some potentially observational consequences of this setting, and finally we discuss
the effects of curvature on the effective potential and show that they are small. In section 3.3
we discuss the full embedding into a three field model, and list all the constraints that must
be satisfied in our scenario. In section 3.4 we write down a simple example potential that
leads to positive running. The next two sections 3.5 and 3.6 are devoted to two different
modifications on this simple scenario that lead to negative running. Section 3.7 extends the
discussion to the case where the running is in a curvaton sector. We discuss the contribution
of the perturbations of the fast roll field to the curvature perturbation in 3.8, and show the
effect is negligible. We conclude in 3.9 with a discussion on the validity of our potential under
higher loop corrections.
3.1 Coleman-Weinberg with multiple fields
We start with a generic action of multiple fields φi, labeled by an index i, in flat space-time,
and then return to discuss the robustness of the derived potential to curvature corrections
at the end of section 3.2. Denoting field variations by subscripts corresponding to the field’s
index, the expression for the 1-loop effective action
Γ = −1
2
log(detSij) (3.4)
yields an expression for the effective potential
Veff =
1
16pi2
∫ ∞
0
dkk3Tr log
(
k2δij + Vij
)
(3.5)
which involves the Hessian matrix of the tree level potential V evaluated on homogeneous
backgrounds of the fields. If this matrix is diagonalized the determinant becomes a product
of its diagonal components, and the logarithm splits into a sum
Veff =
1
16pi2
∫ ∞
0
dkk3
∑
i
log
(
k2 +m2i
)
. (3.6)
For the remainder of this section we take all eigenvalues to be positive, to explore the general
forms that appear in the 1-loop potential. In our general setup at the very least the eigenvalue
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corresponding to the fast roll field will be negative, leading to an imaginary term in the
effective action, and preventing us from interpreting the field dynamics as arising from an
effective potential. The procedure to be outlined entails excising all negative eigenvalues
from the sum, and handling them at the level of correlators as outlined in the next section.
Restricting to positive terms only, then, we have
V +(φi) =
1
64pi2
∑
m2i>0
(m2i )
2
(
log(m2i )−
3
2
)
, (3.7)
which is stable to curvature corrections as long as m2i  H2, as we will show at the end
of section 3.2. We should comment here also on our choice of renormalization prescription.
As always, there will be divergent terms that must then be reabsorbed into the coupling
constants in the original Lagrangian, which must ultimately be set by matching the param-
eters with observed quantities at some observable scale. Because we are in the inflationary
context, however, our life is easy, since the only matching comes from the single experiment
of observing P (k), the power spectrum of temperature fluctuations in the CMB. Thus we
are free to choose the most convenient renormalization prescription for calculations, and in
the end compute the observables P (k), ns, r from the potential we arrive at. The logarithmic
dependence will then determine the running of these parameters unambiguously as a function
of dynamics of the fields. Though all the arguments of our logarithms are dimensionful quan-
tities that must be compensated by some arbitrary scale, it is adequate for these purposes to
choose the smallest threshold mass in the theory [55], which in this case is the mass of the
inflaton. In what follows all arguments of the logarithms are understood to be divided by
the inflaton mass m.
We have seen that the effective potential is a sum of tems of the form V+ =
∑
M4 logM2.
In order to get a running, we need for one of the eigenvalues to be approximately equal to
some power of the fast roll field χ. It may then be tempting to take the eigenvalue to be
M2 = χmf(φ), as then the dependence of the inflaton in the logarithm would factor out.
However, this simple situation leads to
V+ ≈ χ2mf(φ)2 (log(χ) + log(f(φ))) (3.8)
so that the effective inflaton couplings would run like a power of χ, much too quickly for the
behaviour we are after, and quickly ruining slow roll.
We are forced to consider a more complicated scenario: if the leading term is completely
independent of φ then this will not contribute to the effective potential for the inflaton, but
instead will just alter the dynamics of the fast roll field, which is an unobservable detail at
the moment. We would then be interested in the sub-leading terms in the eigenvalue M2,
which would be the leading contribution to observable quantities in the sky. If we denote
M2 = M2dom(χ) + M
2
sub(φ, χ) where M
2
sub  M2dom is the largest contribution to M2 that
depends on φ, then the leading contribution to the effective potential will be
V+ ≈M2domM2sub log(M2dom) . (3.9)
If we want the prefactor to be independent of the fast roll field, we need M2sub(φ, χ) =
f(φ)/M2dom(χ) so that the χ dependence will cancel. Fortunately, this apparently bizarre
tuning occurs quite naturally in these setups, as we will now demonstrate in a simple two
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field model. In this case, the expression for the eigenvalues for the potential can be written
explicitly as
V1-loop =
1
64pi2
[
(m2+)
2
(
log(m2+)−
3
2
)
+ (m2−)
2
(
log(m2−)−
3
2
)]
(3.10)
where
m2± =
V11 + V22
2
± 1
2
√
(V11 − V22)2 + 4V 212 . (3.11)
From the expression for the masses we can notice some generic properties: firstly, that they
are both manifestly real, as a consequence of Vij being a Hermitian matrix, and second,
that they can be both positive or negative. If the diagonal elements dominate, then the
off-diagonal term can be treated as a perturbation, and the masses will be approximately
equal to the diagonal elements. If the off-diagonal element is much larger than the diagonals
V 212 > V11V22 then one direction is guaranteed to be negative. In this case the potential
becomes very steep along the direction φ1 = ±φ2, and it would be energetically beneficial for
one of the fields to approach zero, and the system will be dynamically driven to the regime
where both eigenvalues are positive. We stay away from this case, as it occurs only in a
transient regime and does not yield the desired behavior. If we are in the situation where
V 212  V11V22, V22  V11 then the square root can be expanded:
m2+ ≈ V22 +
V 212
V22
, m2− ≈ V11 −
V 212
V22
(3.12)
with signs of the subdominant terms enforced by the generic phenomena of level splitting,
wherein small perturbations to a system generically cause the spacings between its eigenvalues
to increase. Then, the cross terms in the square of m2+ are independent of the leading
behavior,
(m2+)
2 = V 222 + 2V
2
12 +
V 412
V 222
. (3.13)
This is not so mysterious: from the characteristic equation determining the eigenvalues, we
can rewrite their squares as
(m2±)
2 = (V11 + V22)m
2
± − V11V22 + V 212 (3.14)
so that the dependence on the off-diagonal element comes from the determinant of the matrix,
where there is no communication with the diagonal entries. There are also the higher order
terms in the expansion of powers of V 212/V
2
22, but as long as V22 is large enough these terms
will be suppressed, which is exactly the case when V22 ∼ χp, in which case the higher order
terms vanish exponentially. After some comments on the correct handling of the negative
eigenvalues, we show how to embed this Hessian into a realistic potential.
3.2 Imaginary action
If no fields were tachyons all eigenvalues would be non-negative, but if one of the fields is
in the fast roll regime, then that direction will be tachyonic, meaning its eigenvalue will
be negative. This is a disaster for our interpretation of the one loop resummation as an
effective potential, since the logarithm of a negative number is complex, yielding an effective
action which is nonunitary. The interpretation of this phenomena has been well studied
in flat space, and for a single field in [51], and its applications to inflation studied in [56],
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so we will consider how this works in the case of a single tachyonic field first. There it was
noted that the instability results from an improper analytic continuation of the frequencies of
tachyonic modes, and represents a physical tendency for long wavelength modes to develop
VEVs. Indeed, any mode k < |µ| behaves as an inverted harmonic oscillator, and will
exhibit exponential growth. Even though this behavior cannot be captured as arising from
an effective potential for the field in a background homogeneous state, n-point correlators can
nevertheless be computed by considering the system to be in a modified state, where each long
wavelength mode is initially in a minimum-uncertainty (Gaussian) wave packet. Matching
this state to the vacuum at early times gives a natural value for the width of the Gaussian,
allowing for a unique statistical prediction for correlators. Explicitly, the state will yield
〈σkσ−k〉 = g(k) =

cosh (2|ω(k)|t) e− 3H2 t
2|ω(k)|
k2
a2
< |µ2 + 94H2|
1
2ω(k)
k2
a2
> |µ2 + 94H2|
where ω(k) =
√
k2
a2
− µ2 − 94H2.
This correlator exhibits exponential growth for wavelengths larger than the scale µ−1,
but we must check that its effect on observational quantities is under control. It must also be
taken into account when examining the equations of motion for the background field [57, 58]:
the correct procedure for this case is to derive the equations of motion before integrating
over momentum in the effective potential. The inverse propagator that then appears in the
equations of motion can then be reinterpreted as a two point correlator of the field.
−σ + Vσ +
∫
d4k
(2pi)4
Vσσσ
k2 + Vσσ
= −σ + Vσ + Vσσσ
∫
d3k
(2pi)3
〈σkσ−k〉 = 0 . (3.15)
From here we can see that the buildup of long wavelength modes serves as a source for
the background field σ, altering its dynamics with nontrivial momentum dependence. The
exponential sensitivity to quantum fluctuations is washed out by taking the average quantity,
and yields a statistical prediction for the amount of backreaction a given realization will have.
This equation was arrived at using the background field approximation, and ceases to
be valid if the integral becomes of the same order of magnitude as the first derivative of the
potential. When this occurs one may try to employ some more sophisticated resummation
scheme, such as Hartree-Fock if Vσσσ is sufficiently small, but generically one would be
forced to resort to numerical techniques, as the system will be fully in the nonperturbative
regime of domain growth [59]. However, this condition is met only once the fast roll regime
comes to an end, when the field reaches a local minimum of its potential that regulates the
runaway tachyonic behavior. In this paper we want the field to remain in fast roll for the
entire observable window, which means that the integral can essentially be neglected and the
background dynamics caused only by the slope of the potential.
Now we extend these considerations to a two field system consisting of the inflaton and
a fast roll field. This setup is still not complete enough to give a large running to the power
spectrum, but once these effects are combined with the eigenvalue splitting method of the
previous section we will be able to write explicit models that can give rise to running.
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The equations of motion for the fields will then become
−φ+ V +φ + (m2−)φ
∫
d4k
(2pi)4
1
k2 +m2−
= 0
−χ+ V +χ + (m2−)χ
∫
d4k
(2pi)4
1
k2 +m2−
= 0 . (3.16)
Here the 1/(k2 + m2−) can be interpreted as the Green’s function for a field σ−, which is a
linear combination of the fields φ, χ that diagonalizes the potential matrix. This can then be
replaced by the function g(k).
Therefore the background values of both the φ and χ fields respond to the buildup of
large wavelength tachyonic modes, which in a statistical sense act as a shift in the background
values of the fields’ zero modes. Because the Hessian matrix is not diagonal, the φ field does
not exactly correspond to the positive eigenvalue direction, but instead is some mixture of
the exponentially growing negative eigenvalue direction as seen from (3.16). In this paper we
will however assume for simplicity that (m2−)φ/V
+
φ 
〈
σ2−
〉
and (m2−)χ/V +χ 
〈
σ2−
〉
, such
that the mixing is suppressed by the ratio of off-diagonal to diagonal elements and can be
ignored in the background equations of motion for the inflaton and the proxy field. We plan
to further consider the regimes were these conditions break down in future work.
One may have also noted that in the tree level Lagrangian we have allowed for the
inflaton to have a negative bare mass, an allowance that may seem worrisome given the care
we took to excise the fast roll field from the loops. However, the fact that the inflaton mass
is less than the Hubble parameter makes this case qualitatively different from a fast roll
field, and actually aﬄicts any light field regardless of the sign of its mass. This is because
the effective potential we have calculated was based in flat space, whereas in an expanding
spacetime any field gets a negative mass shift.
This can be seen by replacing the flat space propagator with the de-Sitter version
in (3.4). By rescaling the fields by one power of the scale factor and using conformal time as
well as comoving momentum, the Lagrangian for the fields is identical to that of flat space,
except that the mass becomes a time-dependent function multiplied by two powers of the
scale factor and shifted by the scalar curvature m2 → a2(m2 − 2H2). Switching back to
physical momentum to perform the integral, all dependence on the scale factor factors out.
Following the previous flat space approach with the shifted mass, one arrives at the final
form of the effective potential in de-Sitter space:
Veff = − 1
64pi2
(
m2 − 2H2)2(log (m2 − 2H2)− 3
2
)
, (3.17)
where we ignored all UV divergent terms, which are regularisation scheme dependent (related
and more detailed computations can be found in [60–65]). Now we notice a potential sub-
tlety: if we are interested in a single field case, the inflaton has to be very light compared to
the Hubble mass in order to generate density perturbations during inflation. In this regime
the argument of the logarithm will become negative for momentum modes outside the hori-
zon. We have uncovered a problem with the standard importation of the Coleman-Weinberg
calculation from flat space to the de-Sitter setting. This implies that for a light scalar field in
de-Sitter, like the inflaton, the Coleman-Weinberg approach is not adequate. Instead some
other approach must considered for dealing with the infrared loop effects during inflation [66–
115]. Since the infrared modes of a light field like the inflaton only grows logarithmically
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(not exponentially like in the fast-roll case) and are suppressed by a factor H2/M2p , their
effect only becomes important on very long time scales of order t ∼ RdsSds, where R ∼ 1/H
is the de-Sitter radius and Sds ∼ (Mp/H)2 is the de-Sitter entropy [66, 68]. Furthermore,
in single field inflation their effect have no local gauge-invariant implications and are only
important for global questions like eternal inflation [66, 68], or when looking for small statis-
tical anisotropies by comparing different parts of the sky [69, 70]. In any case, this problem
is very orthogonal to the effect we wish to investigate, and we will not dwell on it here.
For our purposes, we may reassemble all smaller wavelength modes into an effective
potential with an IR cutoff at the horizon scale, and treat all perturbations as propagating in
the shifted background. This procedure yields an effective action equivalent to (3.7), so that
we need not concern ourselves with this mass shift any more beyond this point, and perform
all our loop calculations in flat space. We are not permitted to do this same procedure for
the case of fast-roll, where the effect comes in at wavelengths smaller than the horizon whose
observable effects we are interested in calculating.
3.3 The complete scenario
We are finally ready to combine our results into a scenario that gives rise to large running to
the inflaton φ through the explicit time dependence of a fast roll field χ. As explained above,
χ cannot couple directly to the inflaton, or the exponential running would void the slow roll
approximation within a few e-folds. Hence, we introduce a third field ρ that serves as a type
of messenger between the two sectors. As this field provides the setting for a large amount
of running to take place, we refer to it as the marathon. In order to embed the eigenvalue
splitting Hessian discussed in section 3.1, we want the marathon field to have the following
properties: (i) Its mass should be proportional to the fast roll field only and (ii) it must
couple linearly to the inflaton, so that it will appear in the off-diagonal elements.
We display again the general form of our potential (1.3):
V (φ, χ, ρ) = V (φ)− µ
2
2
χ2 + f(φ)ρ+ g(χ)ρ2 (3.18)
which leads to a Hessian
Vij =
V ′′ + f ′′ρ f ′ 0f ′ 2g 2g′ρ
0 2g′ρ −µ2 + g′′ρ2
 .
Ideally, the VEV of the marathon field would vanish, so that the matrix would become
block diagonal, isolating the negative eigenvalue that must be excised from the spectrum
before computing the effective potential. Thankfully, the field-dependent minimum of the
marathon’s potential occurs at
〈ρ〉 = − f(φ)
2g(χ)
, (3.19)
a function of the fields.5 In the first case we consider g is a positive power of χ, and so the
VEV is dynamically driven to zero. In section 3.5 we consider negative powers of χ, which
5The reader may be puzzled why we don’t just complete the square and have a funny potential for the
inflaton and fast roll field, uncoupled from the marathon. If we did this the standard formula we have written
for the Coleman-Weinberg potential would be invalid, and must be replaced with the field redefinition invariant
expression introduced by Vilkovisky [116]. In this parameterization the kinetic terms become nonminimal,
though we can restrict to the regime where they are approximately canonical, as in [117]. The “connection
terms” enforce that the effective potential is the same for both cases, but the treatment is ultimately simpler
as it is originally written.
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leads to a large VEV for the marathon, but the combination g′〈ρ〉 that appears in the Hessian
is still small. Otherwise, the eigenvalues of this 3 × 3 matrix must be computed, but the
results for this case are not shown explicitly, as they totally obfuscate the physical picture.
In general, there are a list of constraints this matrix must satisfy in order for the loop
effects to resemble a pure running in the inflaton sector. There are a number of potential
hazards that could render other effects more important than the running of the spectral index,
which we must ensure are negligible on a case by case basis. We enumerate the general pitfalls
in this section, and display which are the most dangerous in each of the specialized scenarios.
(i) Slow-roll will be satisfied as long as
f ′′ρ V ′′ (3.20)
otherwise the inflaton would pick up a large mass from its interactions with the
marathon, even at tree level, and inflation would not occur.
(ii) The off-diagonal components will be perturbatively small if
f ′  g, g′ρ g . (3.21)
The first of these is required for the level-splitting mechanism as in (3.14) to occur.
The second is for convenience, so that the fast roll eigenvalue of the Hessian can be
easily isolated.
(iii) There is a stronger condition on the off diagonal components that ensures a runaway
direction does not develop by the mixing of the inflaton and marathon:
f ′2  V ′′g . (3.22)
This is likely to be violated before condition (ii). In this case there is maximal mixing
in the inflaton-marathon sector, and only a single positive eigenvalue. This does not
necessarily preclude a running spectrum, as it only affects whether the subdominant
eigenvalues can be interpreted as an effective potential, but we choose to stay away
from this regime for simplicity.
(iv) Our mechanism requires fast roll to be maintained for sufficiently long. This will not
be spoiled if
g′′ρ2  µ2, g2  µ2χ2 . (3.23)
Where the first condition ensures that the contribution to the χ field’s mass that comes
from interacting with the marathon is subdominant. The second condition ensures that
one loop effects do not dominate the tree level terms in the χ sector.
(v) We also must require that the marathon field is heavy but sub-planckian,
H2  g M2p (3.24)
otherwise the marathon will not track its minimum, and will behave as an additional
light field, contributing isocurvature modes to the power spectrum.
(vi) In addition, the energy density in the fast roll field must remain negligible,
µ2χ2  V0 . (3.25)
Which will put an upper bound on the number of e-folds fast roll that can be sustained.
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For µ ≈ H, this condition always reduces to
F
(
µ2
H2
)
NTOT < log
Mp
H
, (3.26)
where NTOT is the total number of e-folds of fast roll, and F ∼ µ/H is defined in (2.21).
Notice that if we take the quartic regulator of the fast roll field to be purely induced
by quantum gravitational effects, precisely the same condition is yielded. The absolute
minimum we can take the Hubble rate during inflation to be is set by demanding that
the energy density M2pH
2 > (10 TeV)4, corresponding to FNTOT < 66.
If all of these conditions are satisfied, then the system behaves as a 1-loop potential for
the inflaton:
V1-loop =
1
64pi2
[
(m2+)
2
(
log(m2+)−
3
2
)
+ (m2−)
2
(
log(m2−)−
3
2
)]
. (3.27)
Where m2± are the eigenvalues of the 2×2 Hessian. The general expression for this was given
in (3.11). The eigenvalues become
m2+ ≈ 2g +
f ′2
2g
, m2− ≈ V ′′ −
f ′2
2g
(3.28)
but since m−  m+, the contribution to the potential (3.27) proportional to (m2−)2 is
suppressed, and we can therefore neglect it. In the m2+ term, however, the χ term will
dominate the logarithm, and in the cross term the χ dependence will completely cancel! The
subleading dependence in the logarithms will slightly alter the constant offsets, so that the
final expression for the effective potential is
V1-loop =
1
64pi2
[
4g2
(
log 2g − 3
2
)
+ 2f ′2
(
log 2g − 1
)]
+O
(
f ′4
g2
)
. (3.29)
The first term only involves the χ field, and as long as it does not destroy the fast roll
behavior it does not contribute to observables. The second term provides the proxy running
in the power spectrum. Since the masses in this equation are much larger than the Hubble
rate, we can safely neglect curvature corrections at this point.
3.4 Simplest example: positive running
Now we specialize to the potential of section 3.3, and the mixing functions to f(φ) = Λφ2 and
g(χ) = nχ, surely an innocuous choice of renormalizable operators. The Hessian becomes
Vij =
m2 + 2Λρ 2Λφ 02Λφ 2nχ 2nρ
0 2nρ −µ2
 .
As stated before, if one of the fields is in the fast roll regime, then one of the eigenvalues of
this matrix will be negative, and it should be excluded from the computation of the Coleman-
Weinberg effective potential, in favor of using the Weinberg-Wu correlator. In the limit that
ρ → 0, this excision is trivial because the matrix becomes block diagonal. This is quite
fortuitous for us, because we can see that the ρ field actually has a minimum of its potential
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ρmin = −Λφ2/(2nχ), and since the χ field is exponentially growing, this is driven to be very
small dynamically. We will discuss the validity of this approximation in more depth below,
but for now assume the negative mode decouples and focus on the upper 2× 2 block.
The result is
V1-loop ≈ Λ
2
8pi2
φ2
(
log(2nχ)− 1
)
. (3.30)
So that
∆m2 =
Λ2
4pi2
F
( µ
H
)
. (3.31)
Notice the unavoidable prediction from this potential that the running is positive. Below
we give two modifications to this scenario that give negative running.
Let us list the most stringent constraints on this scenario from section (3.3). We take
the value of the fast roll field to be χ = µeF∆N at CMB scales, so that the VEV can be
large enough for the mass of the marathon to dominate. Then, using the fact that φ ≈
HN/
√
Pk (2.16) and Λ ∼
√
4pi2ηH, find numerical conditions for the remaining parameters.
The dominant constraints from the previous section are (iii), which is the absence of inflaton-
marathon mixing, and (v), keeping the marathon mass sub-planckian. Together, these yield,
25 < K + F∆N < 2 log
Mp
H
(3.32)
with K = log n/H. This has to be negative to not give a large positive contribution to
the fast roll field. Consistency here demands that H <∼ 10−6Mp. The energy condition (vi)
implies
FNTOT < log
Mp
H
. (3.33)
This is quite a stringent bound, given that the minimum possible value for NTOT = ∆N + 8,
corresponding to fast roll ending immediately after CMB scales. Nevertheless, if F ∼ 1
and K ∼ −3, we arrive at H < 10−17Mp ∼ 10GeV, corresponding to an energy density
ρ ∼ (109 GeV)4, a low but acceptable scale of inflation. The maximum we can allow for
F , based on the consideration that the energy density during inflation M2pH
2 > (10 TeV)4,
would be Fmax ≈ 5.5, corresponding to µ ≈ 7H.
Our figure of merit
αs
ns − 1 =
2F
K + F (∆N − Γ0) + 3.6− 4pi2m2Λ2
(3.34)
interpolates between 0 and 2/∆N , if we insist that ns < 1.
3.5 Negative running from inverse powers of fields
One method of obtaining negative running is to consider potentials that are nonanalytic in
the field χ. These types of potentials were first considered in [118], and appear naturally
in brane inflation [119], where they represent higher dimensional analogues of the Coulomb
potential. Otherwise, it is possible to arrive at these potentials from integrating out a heavy
field, as seen in [117]. A candidate potential is
V (φ, χ) = V (φ)− µ
2
2
χ2 + Λφ2ρ+
κ2+qρ2
χq
. (3.35)
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Which corresponds to the choice f(φ) = Λφ2 and g(χ) = κ2+q/χq. The logic behind this
choice is that the Hessian will be more or less the same as in the case above, except that now
the Vρρ term will depend on an inverse power of the field χ, which will provide a minus sign
once the logarithm is taken. The Hessian is
Vij =

V ′′ + Λρ 2Λφ 0
2Λφ 2κ
2+q
χq −2q κ
2+qρ
χ1+q
0 −2q κ2+qρ
χ1+q
−µ2 + q(q + 1)κ2+qρ2
χ2+q
 .
If we consider the one loop potential for this scenario, then indeed we get a term in the
potential
V1-loop = − 1
8pi2
Λ2φ2
(
log
(
χq
2κ2+q
)
+ 1
)
(3.36)
with the minus sign that gives negative running. It is still necessary to make sure that
the tree level terms do not interfere with any of the dynamics in an appreciable way, but
this is easy to accomplish if we take the mass scale κ to be sufficiently large. The VEV of
the marathon field now grows as 〈ρ〉 = −Λφ2χq/2κ2+q, but this is fine, as the potentially
complicating mixing between the fast roll field is suppressed by an additional three powers
of χ and so is driven to 0.
We now study the constraints: the position of the fast roll field must be far enough
down its potential that the inverse powers do not dominate from condition (iv), yet it cannot
be too far down, or else there will be too much mixing between the inflaton and marathon
(i), (iii). These give the following bound:
2 + q
1 + q
L < F∆N <
2 + q
q
L− 24
q
(3.37)
where L = log(κ/H). This condition has the possibility of becoming violated near the end of
the fast roll phase, in which case there will be additional effects in the power spectrum, but
we enforce that this effect is negligible in this work. Consistency of these conditions enforce
that L > 24(1 + q)/(2 + q), and if we want mixing effects to be absent in the CMB we need
to have that not only the initial value of χ be within this window, but also the value at the
scale ` ≈ 2500, corresponding to ∆N + 8. We can see that the value of q does not matter
much, and indeed in the lower bound on F∆N its dependence cancels completely. For lower
values of q, however, it is possible to make L smaller and still satisfy the constraints over the
entire range of CMB scales. Then for definiteness we take q = 1 and L = 24. In this regime
the other constraints are trivially satisfied, except for (vi):
36 + 8F < log
Mp
H
. (3.38)
If we take F = 1 and ∆N = 36, then H ∼ GeV, a low but technically acceptable scale of
inflation. This can be relaxed if other effects in the power spectrum are tolerated, but will
require a more detailed calculation. Our figure of merit is now
αs
ns − 1 =
−2qF
(2 + q)L+ qF (∆N − Γ0) + 3.6− 4pi2m2Λ2
. (3.39)
For the values we have chosen, this is equal to 1/10 when m2 ≈ 3.3Λ2.
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3.6 Negative running from fermions
We describe an alternative, perhaps simpler, method of obtaining negative running. It is quite
natural to get the correct sign by integrating out heavy fermions in the loops instead [54,
120, 121]. In this case we require two fermions (marathinos?) to act as messengers, and want
to reproduce the Hessian matrix we had before. To do this, we note that if the potential is
of the form
V (φ, χ, ψi) = V (φ) + V (χ) +mij(φ, χ)ψ¯iψj + h.c. . (3.40)
Then the corresponding 1-loop potential will be
V1-loop = − 1
64pi2
Tr(m†m)2 log(m†m) . (3.41)
This seems to present a problem at first glance, as now there is not as much freedom in
choosing the elements of the matrix m†m as there was in the scalar case, since it is the
square of an unconstrained matrix. In the simplest case of a model with two fermions, and
taking the couplings to all be real for simplicity, the matrix becomes
m†m =
(
m211 +m
2
12 m12(m11 +m22)
m12(m11 +m22) m
2
12 +m
2
22
)
.
To be in the situation we were before, we need the off diagonal elements to depend linearly on
φ, and the dominant diagonal element to depend on χ. However, all of the matrix elements
appear in the off-diagonal terms, and so if the fast roll field dominates the diagonal elements
it will also appear multiplying φ, leading to an exponentially fast running.
However, there is a rather trivial workaround of this issue, if one of the fields couples to
the fermions along with the matrix γ5. If m = m1 + iγ
5m2, then m
†m = m†1m1 +m
†
2m2, and
the matrix that appears in the one loop potential becomes a sum of two terms. For example,
we can take the tree level potential
V (φ, χ, ψi) = V (φ) + V (χ) + αχψ¯2ψ2 + iβφψ¯2γ
5ψ2 + iΛψ¯1γ
5ψ2 + h.c. . (3.42)
In this case the Hessian will be
m†m =
(
Λ2 βΛφ
βΛφ α2χ2 + Λ2 + β2φ2
)
which has manifestly positive eigenvalues, and the previous mechanism can be invoked.
Note that the 1-loop potential also induces a χ4 term, which will spoil fast roll if
α2  eF (µ/H)NTOT (3.43)
as this is proportional to the square of the term in the Lagrangian, it is generically less
stringent than the bare term λχ4 we should have included. Still, this tells us that the
marathon field has to be weakly coupled to the fast roll field for this mechanism to work.
In general, though, this scenario has less constraints to satisfy, mostly due to the fermionic
nature of the additional fields preventing any substantial mixing. The constraints (i)-(v) give
max
{
0, 10 + log
(
βΛ
H
)}
< logα+ F∆N < log
Mp
H
. (3.44)
Large running will occur when ∆m ∼ m, corresponding to β ∼ 1. For definiteness we take
β = 1/e, F = 1, and ∆N = 26, then these constraints can be satisfied, with α ∼ 10−7.4 and
H < 10−15Mp ∼ TeV.
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3.7 Curvaton induced running
Let us consider the case where the running of the spectral index is induced by the intrinsic
running of a curvaton [47]. In this case the curvaton contributes some fraction, f , to the
final curvature perturbation spectrum [122–126], which can be parametrized as
P (k) = As
[
(1− f)
(
k
k∗
)(ninf−1)
+ f
(
k
k∗
)(nσ−1)]
, (3.45)
and the intrinsic running of the curvaton is given by
ασ =
dnσ(k)
d ln k
. (3.46)
Assuming that ασ  (ninf − 1)2 ∼ (nσ − 1)2, the running of the spectrum (3.45) is simply
αs ≈ fασ . (3.47)
Similarly the tensor-to-scalar ratio will given by
r = (1− f)16 . (3.48)
We will assume that the intrinsic running of the curvaton is of the “running by proxy”
form,6 and the curvaton potential has a logarithmic correction of the form
V1-loop(σ) = −1
2
∆m2σ log(χ/χ0)σ
2 (3.49)
where the potential of the proxy field is
V (χ) = V0 − 1
2
m2χχ
2 . (3.50)
The logarithmic correction to the curvaton potential form the proxy field in (3.49) follows
from a logic similar to the one which led to the proxy term in the inflaton potential, except
that the general shape of the potential is less constrained in this case. In particular, let us
consider the constraint VN/V  V ′′N/V which led us to the conclusion that inflation must
be of the small field type in order to be consistent with proxy running (see section 2.2).
The equivalent of this constraint in the curvaton case becomes V ′N/V  (∂2σVN )/V , which is
naturally satisfied even when the inflation is of the large field type φ  Mp, since σ  Mp
unless we are dealing with an inflating curvaton [122]. Therefore, large field inflation is also
naturally compatible with curvaton induced running of the proxy form. If the universe f.ex.
originated from chaotic inflation with a simple quadratic potential V (φ) = 12m
2φ2, then a
fifty percent curvaton fraction, f = 0.5 with an intrinsic running of ασ = −0.1, would lead
to a final curvature spectrum with αs = −0.05 and r = 0.07.
In the case of a future simultaneous detection of running and large primordial tensor
modes, one is surprisingly lead to the conclusion that it is only consistent with proxy running
if it is induced by a curvaton in a large field model. If a large anomalous running is detected,
but tensor modes are constrained to be small, we are are lead to the conclusion that this is
both consistent with proxy running of the inflaton or running induced by proxy running of
the curvaton. One possible way of discriminating between these two cases could be through
an enhanced non-Gaussian component of the curvature perturbation (consistent with current
observational bounds) in the curvaton case [47, 129].
6See [47, 127, 128] for other proposals of curvatons with intrinsic running.
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3.8 Super-horizon evolution of perturbations
A potentially important feature of this model is the small mixing between the inflaton and
the fast-roll field that is generically induced. When the fast-roll regime has ended and the
fast-roll field has decayed, the final total curvature perturbation will simply be given by the
inflaton field perturbation
ζ = ζφ =
H
φ˙
δφ . (3.51)
One might however worry that the exponentially growing perturbations of the fast-roll field
will source perturbations in the inflaton field before the decay of the fast-roll field due to the
mixing between the two fields. If we consider the general equation of motion for the field
perturbations in the spatially flat gauge (letting the roman index denote the different field
species, i.e. inflaton, marathon or proxy field)
¨δφi + 3H ˙δφi +
k2
a2
δφi +
[
Vij − 1
M2p
1
a3
d
dt
(
a3
H
φ˙iφ˙j
)]
δφj = 0 , (3.52)
we find a gravitational mixing between δφ and δχ from the second term in the square-bracket,
and a direct mixing from the first term in the square-bracket. We want to require that the
effect of the exponentially growing perturbations of the fast-rolling proxy field, δχ, on the
inflaton perturbations, δφ remains small. Following an analysis similar to that of [130], if the
gravitational mixing dominates we find the constraint
F (NTOT +N) < −10 + 2 log Mp
H
(3.53)
and if the direct interaction in 3.30 dominates, we find
F∆N > −1 + log φ
H
+ log
∆m2
H2
+ log
NTOT
F
. (3.54)
Using φ ∼ NH/√Pk both constraints are weaker than those discussed in the sections above.
3.9 Stability to higher loops
We make a few brief comments about the few approximations we took in deriving the one
loop Coleman-Weinberg effective potential. Firstly, we note that to the accuracy at which
we calculate, it is completely justified to truncate the effective potential to one loop. In
general the two loop contribution will contain terms of the same form as the ones we arrived
at V2 ∼ m4 log(m2), but the entire correction is suppressed by an additional loop factor
of 1/(16pi2) [131]. This is smaller than the slow roll parameters, to which we have worked
at first order, so that at this stage it actually would have been inconsistent to endeavor a
two loop calculation. Note as well that log(χ)2 terms will appear in the two loop potential,
leading to a running of the running a factor of O( 1100) smaller than the running itself. This
is still larger than the usual single field prediction that the running of the running be third
order in slow roll parameters, but nevertheless unobservably small.
A second approximation we made was to neglect graviton loops in our effective potential.
These will lead to two distinct types of contributions [61]: terms that schematically appear
as R2, and terms that appear as log(R). The higher curvature terms must be neglected in the
background evolution, as they introduce apparent spurious degrees of freedom not present in
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(a) (b)
g
g
(c)
Figure 4. Various loop contributions of the form V ∝ χnρ.
the low energy theory, which must be removed by hand. The same goes for the logarithms,
which must be expanded in a Taylor series and truncated at first order, which effectively
yield corrections to the Planck mass. These corrections will be of the order m2/M2p , φ
2
i /M
2
p ,
and so will be completely negligible for our (small field) purposes.
Finally, we comment on the radiative stability of our choice of potential in (1.3). The
absence of the fast roll field in the linear marathon sector may be a bit disconcerting, espe-
cially since this was crucial for our mechanism to be operational. We provide no underlying
motivation for why this arrangement may have come about from a particle physics view-
point, but we do note that this scenario is internally consistent, in that higher order loops
do not induce this dangerous term. To begin with, we note that in the potential there are
two vertices, one with two φs and one ρ proportional to Λ, and one with one χ and two ρs
proportional to n, as well as gravitational interactions. We would like to estimate the lead-
ing contribution that will have external χ legs and a single external ρ. The first worrisome
diagram is depicted in 4(a), and is a tree level diagram in which an internal marathon field
is integrated out to yield a contact interaction term Veff ∼ nΛχφ2ρ/m2ρ, which at first glance
seems to yield dangerous fast roll-marathon coupling. However, notice the presence of the
marathon mass in the denominator, the dominant contribution to which is m2ρ ∼ nχ. Thus,
the χ dependence completely cancels out, and we are left with a term of the form we had
to begin with. Let us briefly acknowledge that the situation is slightly more subtle than
we have presented: the fact that the mass of ρ is a time dependent quantity that depends
on other fields means that we are not actually allowed to use the methodology of Lorentz
invariant field theory, but must instead calculate corrections to the quantum fluctuations of
perturbations on top of the background field values. These corrections for the fluctuations
will in general be different from the corrections to the equations the background fields obey,
which will cause the resulting effective Lagrangian to not be a simple function L(φ¯ + δφ),
but instead a more general L(φ¯, δφ). Nevertheless, we have approximated this full form as
the former by integrating out the marathon field in a flat space setting, and then naively
applying those results to the case at hand. This approximation will only maintain its validity
inasmuch as the fluctuations remain tightly coupled with the background fields, but, given
the tiny coefficients multiplying the corrections we find, we take this simplification to be an
adequate estimate for the time being.
We see that to estimate the form of the effective potential we must count powers of φ,
ρ, and Λ, which cannot be altered by inverse propagators, and then enforce that the total
dimension of the term in the potential be 4. If there are other internal lines the dimensions can
be balanced with other propagators that do not remove any χs, but note that there is always
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at least one ρ propagator (excluding gravitons), and so at least one potential cancellation.
Dangerous diagrams will have less powers of external inflatons, which necessarily entails
they enter exclusively through loops, which is also beneficial for the denominator to contain
purely constant dimensionful quantities. The simplest diagram would be to close the inflaton
legs in 4(a), but this is taken to be zero by the no tadpole condition (another importation
from flat space we employ). Instead, the simplest diagram is depicted in 4(b), which is a
two loop contribution. The full expression will not be written down, but we can estimate
the diagram as Veff ∼ nΛ3
∫
d4k/(k2)5χρ. The full integral is a sum of several terms, for
most of which the χ dependence drops out completely, or is at most logarithmic. The one
dangerous contribution comes from the region of the integral where the momentum of the
internal inflaton dominates, proportional to 1/m2φ. The estimation for the effective potential,
including loop factors, is then
V2-loop ≈ 1
(16pi2)2
nΛ3
m2
χρ . (3.55)
This leads to a mass mixing of the fast roll field and the marathon that cold potentially rival
the ρ dependent mixing present in the tree level potential. The effect of this induced term
can be estimated by comparing it to nχρ2
V2-loop
Vtree
≈ 1
(16pi2)2
Λ3
m2ρ
≈ 10−4nΛ
2χ
m2φ2
. (3.56)
In terms of variables defined in section 3.5, this translates into
K + F∆N < 30. (3.57)
Which is satisfied for our choice of parameters K +F∆N ∼ 25, in which case the importace
of this term is suppressed, essentially by the loop factors. This term does not contribute
significantly to the dynamics of the theory.
There is another diagram that appears at 2 loops if we consider internal graviton propa-
gators, as in 4(c). In this the coupling of the graviton to the fast roll field with vanishing ex-
ternal momentum is ∼ µ2/Mp, while the most relevant coupling to the virtual inflaton comes
with two powers of momentum, to completely balance the total six propagators. Roughly,
the diagram evaluates to
Veff ≈ 1
(16pi2)2
µ4
M4p
Λχ2ρ <∼
(
H
10Mp
)4
Λχ2ρ . (3.58)
With the inequality saturated for the models that have the highest possible inflation scale,
and moderately tolerable tuning to get enough fast roll. This is even smaller than the
contribution from scalar loops. These loops yield the dominant effects, and so our scenario
is stable to quantum corrections.
4 Conclusions
We are currently at a very interesting moment of inflationary cosmology. Our experimental
knowledge has gone from allowing almost every conceivable model of inflation to beginning
to rule out some of the simplest models of inflation, but yet data does not have the precision
to pinpoint one specific model as the unambiguously preferred. This makes it particularly
important to think about which observables can be used to discriminate between different
models. The tensor-to-scalar ratio and non-Gaussianity are important observables, and have
both received much attention in the past for this reason. On the other hand the running of
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the spectral index has received less attention, since there are very few existing models which
are capable of generating a large running compared with the general expectation in (2.5),
and so far they have all been large field models.7 However, the tensor-to-scalar ratio already
appears as a good observable for testing large field models, and in any case the current
constraints on running are not far from the expected value in this class.
On the other hand, small field models with a vanishing tensor-to-scaler ratio and an
observable level of running are truly exotic from the point of view of the general expectation
in (2.5). Therefore, in the future we might well be in an experimental situation where we
see a vanishing tensor-to-scalar ratio, no evidence of non-Gaussianity, and hence have no
expectation of observing running of the spectral index. However, we do not believe that
such a situation will deter experimentalists from continuing to improve the constraints on
the running, being one of the limited number of cosmological observables, but it may be
reasonable in this case to ask which kind of new physics could lead to an observable running
of the spectral index in an effective single field model of small field inflation.
We have presented a simple class of models capable of giving a large amount of running
of the spectral index of the inflaton in the small field regime by using the general mechanism of
proxy running. In the proxy model, the running can be viewed as coming from an explicitly
time-dependent single field potential, but at the microscopic level the time-dependence is
derived from integrating out heavy fields. To accomplish this we invoke at least two additional
fields, one of which is in fast roll, and another that serves only as a messenger for loop
effects. For our choice of potentials, the Coleman-Weinberg loop resummation then induces
an explicit time dependence in the parameters of the inflaton potential that is exactly linear
in number of e-folds, leading to an observable amount of running that can be up to the same
value as the spectral tilt.
Another interesting outcome of our analysis is that proxy running in an effective single
field model is only compatible with a small field models of inflation. Therefore, any future
observation of a non-vanishing tensor-to-scalar ratio will imply that an anomalously large
running can only be compatible with proxy running, if the proxy running is in a curvaton
sector that contribute only some fraction to the final spectrum and induces running this
way [47]. This conclusion is a bit surprising, since curvaton models usually are thought to
be associated with a vanishing tensor-to-scalar ratio. One possible feature of this scenario is
an interesting signature of non-Gaussianity [47, 129].
As a period of fast roll is quite difficult to maintain for a significant number of e-folds, we
expect that our model will exhibit features associated with the end of fast roll at some point
very near the current observable window. Depending on the precise parameters we choose,
there may also be a significant amount of mixing between the inflaton and fast roll correlators,
with definite consequences for the power spectrum. There are many generalizations of this
simple model that can be made, such as more specialized types of couplings, and considering
implications for other types of correlators. It would also be of some interest to find an
embedding of this model into a more UV complete setup. We plan to return to these questions
in the future.
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